The emphasis of this paper is to determine the 4-rank of the tame kernel in definite terms. Our characterizations are in terms of positive definite binary quadratic forms 
of the tame kernel of quadratic number fields, [11] , [12] , and even in obtaining results about the 8-rank, [10] , [13] , [17] .
The emphasis of this paper is to determine the 4-rank of the tame kernel in definite terms. Our characterizations are in terms of positive definite binary quadratic forms X 2 + 32Y 2 , X 2 + 2pY 2 , 2X 2 + pY 2 over Z Z. The results make numerical computations readily available, and the characterizations might generate some interest in 'density results'
concerning the 4-rank of tame kernels.
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Introduction.
The tame kernel of an algebraic number field with ring O of integers is the Milnor Kgroup K 2 (O). This paper is on the 4-rank of the finite abelian group K 2 (O) for quadratic number fields whose discriminants have exactly two odd prime divisors p, ℓ. We investigate the case p ≡ 7 mod 8, ℓ ≡ 1 mod 8 with
In this situation, the general algorithms described in [10] , [11] , [12] The connection to K-theory is being made in section 4 where quadratic symbols from this approach and from [10] , [11] , [12] become related to each other. The main results then drop out in the four theorems in section 5. For fields 1 Q √ −pℓ , a version of result (5.4) was stated in [9] via the approach from [8] ; we are pleased that in this paper also the imaginary fields 1 Q √ −2p as well as the real fields 1 Q √ pℓ , 1 Q √ 2pℓ can be handled in a unified way.
In section 6 we have made an effort to illustrate our results numerically. We are led naturally to ask questions about 'densities' concerning the 4-rank of K 2 (O) for fields considered in this paper and in more generality. Only little do we know. Yet, this K 2 -problem can be considered to be an analog of the most classical K 0 -problem of investigating the structure, in particular 2-power-ranks, of ideal class groups of number fields.
give credit to LSU graduate student Robert Osburn for the numerical results in section 6.
An unramified cyclic extension
Let p be a prime, p ≡ 7 mod 8, and consider the imaginary quadratic field K = 1 Q( √ −2p ). The 2-primary subgroup of the ideal class group C(K) of K is cyclic of order divisible by 4, see e.g. 18.6, 18.4, 19.6 in [6] . Thus the Hilbert class field of K contains a unique unramified cyclic degree 4 extension N over K. Let us determine it.
We begin with the real quadratic field
group of units O * L , and fundamental unit ε = 1 + √ 2 of norm −1. The field L has narrow class number h + (L) = 1. Since p ≡ 7 mod 8, the prime p splits in L over 1 Q and so has two
Clearly a is odd. Then −p ≡ 1 ≡ 1 − 2b 2 mod 8 and thus b is even.
We now specify a ≡ 1 mod 4 if
just notice that (a + b √ 2)(3 + 2 √ 2) = 3a + 4b + (2a + 3b) √ 2 with 3a + 4b ≡ 1 mod 4 and 2a + 3b ≡ 0 mod 4 if a ≡ 3 mod 4 and b ≡ 2 mod 4.
If π 1 is a second such generator for P p | p of norm −p, then we have π 1 = πu for some
Either u is totally positive or totally negative. Since h
so the only possibility is
If P p | p in (2.1) is replaced by its conjugate ideal P * p | p, then we clearly can replace
Because of N L/1 Q (π) = −p, the normal closure of the degree 4 number field
Consider the diagram of relative quadratic extensions:
Proof: In the normal extension N over 1 Q the only ramified rational primes are 2, p, and the infinite prime.
The prime 2 is ramified in
We have observed: in the normal extension N over 1 Q the rational primes 2 and p both have ramification index e = 2. Now, the intermediate field 1 Q( √ 2, √ −p) is totally complex and 2, p have ramification index e = 2 in 1 Q(
Consider the tower of relative quadratic extensions:
The degree 4 number field 1 Q( √ 2, √ −p) over 1 Q is the unique unramified quadratic extension of K. Since 2-prim C(K) is cyclic of order divisible by 4, as noted above, we
We have obtained:
The unique unramified cyclic degree 4 extension N over K = 1 Q( √ −2p) is normal over 1 Q and is given by
with a generator π as in (2.1).
The rational primes ℓ
For K = 1 Q( √ −2p) with a prime p ≡ 7 mod 8, we have determined in the preceding section the unique unramified cyclic degree 4 extension N of K, see (2.3) . Recall
We are now concerned with all rational primes ℓ ≡ 1 mod 8 for which ( 
that is, cl(D) is the unique element of order 2 in C(K).
Let H denote the Hilbert class field of K. So we have
the ideal class group of K being canonically isomorphic to the Galois group of H over K :
By restriction there is an epimorphism Gal(H/K) → Gal(N/K) and Gal(N/K) is cyclic of order 4. Since 2-prim C(K) is cyclic of order divisible by 4, C(K)
4 is the unique subgroup of C(K) of index 4. Thus
and analogously
We note that the endomorphisms
where h(K) denotes the class number of K, have kernel C(K) 4 and C(K) 2 and image the unique cyclic subgroup of C(K) of order 4 and 2, respectively. Thus:
(3.1) Remark: Let P be a prime ideal of O K . Then:
that is, if and only if either cl (P)
Now let ℓ ≡ 1 mod 8 be prime with (
We have ℓO K = PP * with a pair
over K and we conclude by (3.1):
in C(K). Thus:
(3.2) Remark: For ℓ as above, let ℓO K = PP * . Then: ℓ splits completely in N over 1 Q if and only if P splits completely in N over K if and only if cl(P)
ℓ does not split completely in N over 1 Q if and only if cl(P)
In terms of the positive definite quadratic form X 2 + 2pY 2 over Z Z we are going to prove:
Proof: Let ℓ split completely in N over 1 Q; so cl (P)
, where
with n, m ∈ Z Z and we want to show that
Assume the contrary: m ≡ 0 mod ℓ and hence n ≡ 0 mod ℓ.
For the converse let ℓ h(K)/4 = n 2 + 2pm 2 for some n, m ∈ Z Z with m ≡ 0 mod ℓ. Then
ord P σ = 0 for all prime ideals P ⊂ O K , P = P, P * .
Assume that ord P σ > 0 and ord P * σ > 0. Then
hence m ℓ lies in Z Z, contradicting m ≡ 0 mod ℓ. By interchanging P and P * , if necessary, we may write
ord P * σ = 0 and thus σ ∈ O K generates P h(K)/4 ; that is, cl (P) h(K)/4 = 1 in C(K) and, by (3.2), ℓ splits completely in N over 1 Q.
Next we are going to prove in terms of the positive definite quadratic form 2X 2 + pY Proof: Assume that ℓ does not split completely in N over 1 Q; so, by (3.2), cl(P)
is principal and there exists a generator σ = r + m √ −2p
; clearly r is even and, as in the first part of the proof of (3.3), we see that m ≡ 0 mod ℓ. We set r = 2n with n ∈ Z Z and obtain:
For the converse let ℓ h(K)/4 = 2n 2 + pm 2 for some n, m ∈ Z Z with m ≡ 0 mod ℓ. Then
We conclude:
Assuming that ord P σ > 0 and ord P * σ > 0 we derive a contradiction as in the second part of the proof of (3.3). Thus we may write again
and, by (3.2), ℓ does not split completely in N over 1 Q.
We will relate both characterizations (3.3) and (3.4) to a Legendre symbol
extension of the prime p ≡ 7 mod 8 to L and π ∈ O L generates P p . Let us deduce that for primes ℓ ≡ 1 mod 8 with
First of all, π is unique up to multiplication by the square of a unit in O * So, we may identify π = a + b √ 2 ∈ O L with a + bα ∈ IF * ℓ , and for any two choices π, π ′ we
for any choice of a, b ∈ Z Z as in (2.1). 
Recall the inclusions
N = L 1 ( √ −p) ⊃ L 1 = L( √ π) ⊃ L ⊃ 1 Q. The
Characterizations in terms of symbols
In this section we will determine explicitly the 4-rank of the tame kernel of the fields For any number field, the 2-rank of the tame kernel is given by the so-called Tate 2-rank formula in terms of the 2-rank of an ideal class group, cp. 6.1 and 6.3 in [14] . For quadratic number fields, the 2-rank of the tame kernel has been made explicit in [5] . It is s + t for real quadratic number fields, s + t − 1 for imaginary quadratic number fields, where 2 s is the number of elements in {±1, ±2} which are norms from the given quadratic field, and t is the number of odd primes which are ramified in the given quadratic field. For our fields E and F : s = 1 and t = 2, so
What are the possible values of the 4-rank? Because of p ≡ 7 mod 8 we know that [2] . Moreover, since E is real, the Steinberg symbol {−1, −1} of order
Because of p ≡ 7 mod 8, we also know for the imaginary fields In the formulation of (4.5), we now have related the approach from [10] to the main results earlier obtained by Qin for quadratic number fields by an independent approach; specifically, compare [11] , 
Proof: Recall that the norm of π from L = 1 Q(
yielding for some choice of u, w:
The symbol So:
which is a square modulo α + β √ 2 if and only if (1 + √ 2)(γ + δ √ 2) is.
Therefore:
This identity will yield our claim in each of the four cases.
For d = pℓ we have
For d = 2pℓ we have
, up to squares;
For d = −pℓ we obtain accordingly from the first case
and for d = −2pℓ we obtain as well from the second case
as claimed.
Characterizations in positive definite terms
The upshot of the preceding two sections will be that for all fields 1 Q √ ±pℓ , 1 Q √ ±2pℓ
under consideration we can determine the 4-rank of the tame kernel in terms of the binary positive definite quadratic forms
In all cases, a combination of (3.5), (3.7), (4.5) and (4.6) will yield the desired results.
In order to state the characterizations in positive definite terms it will be convenient to introduce the following terminology: 
Illustrations, Densities
In view of the characterizations in positive definite terms in Theorems (5.2), (5.3), (5.4), (5.5) it is now a simple task to efficiently determine the 4-rank of the tame kernel of any given field
with primes p ≡ 7 mod 8, ℓ ≡ 1 mod 8, satisfying
.
Recall that we have ν, µ = 1 or 2 while σ, τ = 0 or 1. Let us realize various combinations.
Because of (5.6), we can expect at most eight different tuples (ν, µ, σ, τ ). 
Also, 2129 = 81 + 2048 = 9 2 + 32 · 8 2 , so ℓ satisfies A + . Hence by (5.4) together with (5.5) or (5.6) we obtain:
For real quadratic fields E, the confirmation of the Birch-Tate conjecture provides us with the order of K 2 (O E ) in terms of the value of the Dedekind zeta function at −1.
That, together with the knowledge of the 4-rank, sometimes determines the structure of the 2-primary subgroup of K 2 (O E ).
For example, for E = 1 Q √ 7ℓ with the first two primes ℓ = 113 and 193 in our list one has #K 2 (O E ) = 2 6 · 3 2 · 29 and 2 7 · 373, respectively, and 2-rk K 2 (O E ) = 3, 4-rk K 2 (O E ) = 1 in both cases by (4.1) and (5.2). So, the structure of the 2-primary subgroup of K 2 (O E ) is given by
In general, not much seems to be known about densities concerning particular 4-ranks of tame kernels. In the special case of quadratic number fields whose discriminant is of small absolute value or has only very few prime divisors, results on the 4-rank of the tame kernel have been made explicit in lists and tables e.g. in [3] , [4] , [7] , [11] , [12] . As a motivating example we summarize, compare (25.12) in [6] :
(6.2) Example: Let q be a prime.
The structure of the 2-primary subgroup of the tame kernel of the real quadratic fields 1 Q √ q is given by:
It has been proven in [6] , see 21.6 and p.199, that the sets {q ≡ 1 mod 8 : q satisfies A + } and {q ≡ 1 mod 8 : q satisfies A − } each have a natural density of 1 2 in the set of all primes q ≡ 1 mod 8. Again, it will be proved in Robert Osburn's dissertation that each of the eight possible tuples (ν, µ, σ, τ ) listed in (6.1) appears with natural density 1 8 .
